This paper presents an adaptive fast finite-time consensus (FTC) for second-order uncertain nonlinear (UN) multi-agent systems (MASs) with unknown nonsymmetric dead-zone and external disturbances. In the process of control protocols design, based on the estimation of the dead-zone width that is obtained by using adaptive method, a fuzzy logic dead-zone compensator is adopted to deal with the nonsymmetric dead-zone input phenomenon. Combining finite-time control technique and Lyapunov's relevant theory, a new fast FTC protocol is developed. Based on the basis of radial basis function neural networks (RBFNNs) theories, the unknown nonlinear functions are approximated. Under the presented consensus protocols and adaptive laws, it can be proved that the position errors of arbitrary two agents can reach a small region of zero in finite time as well as the velocity errors. Ultimately, the effectiveness of the designed method is tested via two numerical examples.
I. INTRODUCTION
Nowadays, the consensus problem for MASs has been paid more and more attention owing to its great potential in various science and engineering areas. Hence, many distributed cooperative control problems, such as formation control, rendezvous, containment control, synchronization, flocking and so forth [1] - [5] have been widely studied in the presence of consensus schemes. As a popular topic, an important problem on the cooperative control of MASs is that all the agents can reach an agreement by designing the control protocols, the agents could be robots, humans and so on.
In the practical systems, convergence rate is of great significance for the consensus control of MASs owing to its enormous advantages. Asymptotic consensus relevant research results were presented in [6] , [7] , which means that convergence time was infinite. Consequently, finite-time control techniques were considered. There were a host of meaningful The associate editor coordinating the review of this manuscript and approving it for publication was Juntao Fei . results on finite-time control approaches, such as adding a power integrator [8] , [9] , terminal sliding-mode control [10] , adaptive approximation-based finite-time control [11] , finitetime fault-tolerance control [12] and so on. Moreover, a comparison of the asymptotic consensus and FTC indicates that finite-time convergence has a host of advantageous properties. For instance, faster convergence rate, better disturbance attenuation and robustness against uncertainties [13] , [14] . Combining the finite-time Lyapunov theory and graph theory, in [15] , [16] , distributed finite-time control algorithms were designed for first-order and second-order linear MASs. Another FTC algorithm was proposed in [17] , where the switching topology was taken into account. In [18] , higherorder FTC protocol for heterogeneous MASs was developed. By using the Barrier Lyapunov function, FTC protocols were proposed for second-order MASs with output constraint and unknown nonlinear perturbations in [19] . By employing the homogeneous control approach, Liu, Ma and Wang proposed the FTC control scheme for heterogeneous nonlinear MASs with nonlinear uncertainties [20] . In [21] - [23] , VOLUME 8, 2020 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ the problem of FTC for uncertain and disturbed MASs was addressed. With the aid of fast finite-time control approach, Xiao, Wu and Peng designed a fast FTC tracking protocol for first-order MASs [24] . [25] and [26] addressed the consensus problems of fractional-order and high-order uncertain nonlinear UN MASs via the fast sliding-mode control technique, respectively, where the nonlinearities were assumed to be known in [26] . Considering the high-order singleinput-single-output nonlinear MASs, Khoo, Xie, Zhao and Man designed a fast FTC protocol which ensured that the consensus be reached a small regions of zero in fast finite time [27] , where the nonlinearity parts were supposed to be partially unknown and the unknown parts were supposed to have a known bound. In this paper, the limitation of unknown nonlinearities will be relaxed.
On the other hand, input dead-zone is a significant issue that should be considered for the mechanical systems, hydraulic systems and so on. Hence, there were a host of relevant theories in order to address this issue. For instance, dead-zone inverse approach, compensation techniques and so on. In [28] , [29] , it was the first time that Tao and Kokotović developed the dead-zone inverse approach to solve the unknown dead-zone issue. On the basis of [28] and [29] , [30] has been further studied by employing dead-zone inverse approach. By adopting neural networks technique and adaptive fuzzy logic control technique, [31] and [32] developed a dead-zone compensator for motion control systems, respectively. For input dead-zone, [33] and [34] investigated a finitetime control for uncertain nonlinear systems and finite-time stabilization for stochastic nonlinear systems, respectively. Considering the unknown nonsymmetric dead-zone phenomenon, an adaptive finite-time control approach for robotic manipulator was studied in [35] . Zhang, Duan and Hou developed a finite-time control algorithm for pure-feedback systems with unknown dead-zone [36] . For dead-zone nonlinearity of MASs, the problem of consensus tracking for MASs was discussed by adopting backstepping approach and neural networks approach in [37] . In [38] , positive odd power and dead-zone input were considered for second-order MASs by adding a power integrator approach. In [39] , the FTC stabilization problem is studied for unknown nonlinear MASs with output dead-zone.
According to the above discussions, it can be observed that there are very few papers to consider adaptive FTC for second-order MASs with unknown nonsymmetric deadzone and external disturbances. Consequently, our motivation is to develop a novel fast FTC algorithm and dead-zone compensator to deal with second-order nonlinear MASs with unknown dead-zone, uncertainties and external disturbances issue. The major contributions of this work are given as:
1) It is the first time to take into account the fast FTC for second-order nonlinear MASs with unknown nonsymmetric dead-zone. A novel fast FTC algorithm is developed via the Lyapunov's relevant theory. So that a faster finite-time convergence of position errors and velocity errors among multiple agents can be obtained.
2) Unknown nonsymmetric dead-zone, uncertainties and external disturbances are considered in this paper. Compared with [36] , the dead-zone parameters of this paper are totally unknown and are estimated by using adaptive method. Based on the estimated dead-zone parameters, a new fuzzy logic compensator is developed to solve the unknown dead-zone issue. Besides, the unknown nonlinearities are not required to satisfy the assumptions used in [27] and [38] . By adopting RBFNNs, the unknown nonlinear functions are approximated.
Next, this paper is organized as follows. The preliminary result is presented in Section II. In Section III, it is the main design process. In Section IV, tow examples are designed to illustrate the proposed results. Conclusions are given in Section V.
II. PRELIMINARIES A. PROBLEM DESCRIPTION
The following second-order nonlinear MASs is given as:
where x i , v i ∈ R are the position and velocity, f i (x i , v i ) represents unknown continuous function contenting f i (0, 0) = 0. d i (t) represents external disturbance, for further analysis, we assume that |d i (t)| ≤ ζ < +∞. u i ∈ R represents control input to be designed, D i (u i ) ∈ R is the dead-zone control input described as follows:
is the unknown dead-zone parameter vector, b i+ represents right dead-zone width, b i− represents left dead-zone width. The dead-zone characteristics are given in FIGURE 1.
Definition 1: The fast FTC of MAS (1) can be achieved if for arbitrary initial condition 0 = [x 0 , v 0 ] T , there exist ε 1 > 0, ε 2 > 0 and T ( 0 , ε 1 , ε 2 ) < ∞ so that position and velocity errors content 
where θ 0 satisfies 0 < θ 0 < 1. Remark 1: It should be emphasized that when κ = 0 Lemma 1 is reduced to Theorem 2 in [27] , and the systeṁ x = f (x) is said to be fast finite-time stable. In this case the trajectory of the system will have a fast finite-time convergence both at a distance from and at a close range of the equilibrium [10] , [27] . Compared with traditional finitetime convergence, that is the Lyapunov function satisfieṡ V (x) ≤ −ιV γ (x), fast finite-time convergence improves the convergence performance when the state is at a distance from the equilibrium.
B. GRAPH THEORY
In this section, some knowledge about graph theory will be introduced. An undirected graph is given by G = {V, E, A}, which is composed of m agents, where V = {v 1 , v 2 , . . . , v m } represents the set of vertices, E ⊆ V × V represents the set of edges, A represents the weighted adjacency matrix. When there exists an edge between agent i and agent j, i.e., (v i , v j ) ∈ E, then a ij = a ji > 0 and a ij = a ji = 0 otherwise. In addition, take care that self edges
m j=1 a ij = j∈N i a ij for i ∈ M as a degree matrix of graph G, then the Laplacian of the weighted G is defined as L = D − A. A path from v i to v j in graph G is a sequence of different vertices beginning with v i and ending with v j , so that the continuous vertices are adjacent. Consequently, there exists a path of arbitrary two
Assumption 2: For second-order nonlinear MAS (1), G is connected.
Lemma 2 [41] : According to a connected undirected graph, there are some properties are given as:
(1) L is positive semi-definite;
(2) 0 is a simple eigenvalue of L and 1 is the associated eigenvector, where 1 represents a vector with all elements being 1;
(3) Supposing the eigenvalue of L is expressed as 0, λ 2 , . . . , λ n contenting 0 ≤ λ 2 ≤ · · · ≤ λ n , then the second smallest eigenvalue contents λ 2 > 0. What's more, if 1 T x = 0, then x T Lx ≥ λ 2 x T x.
C. RBFNNs
The unknown continuous function is approximated by adopting the RBFNN, its form is:
T represents known smooth vector function, g > 1 represents NN node number, ε(o) represents approximation error, π * represents unknown parameter vector. The basis function ω i (o) is selected as general Gaussian function as follows:
. . , z in ] T and y i represent the center and width of the basis function ω i (o), respectively. Choosing the optimal weight vector π * as the value of π, which minimizes the values of ε(o) for all o ∈ ϒ, i.e.,
Assumption 3: Over a compact region ϒ ⊂ R n , the approximation error contents
where ε N is an unknown bound.
Remark 2: Suppose that the bound of ε(o) is unknown. Thus, the bound of ε(o) and unknown parameter vector π * can be estimated together.
D. FUZZY LOGIC DEAD-ZONE COMPENSATOR
The compensator will be developed to address dead-zone nonlinearity by adopting an adaptive fuzzy logic approach. The dead-zone compensator is discontinuous, and it is related to the sign of u i . Thus, if u i is positive, then u Ci = u i +b i+ , if
is the estimate of dead-zone width b i . For accurate mathematical analysis, we will define the membership functions as follows:
The dead-zone compensator control algorithms can be designed as u Ci 
Hence, the output of the fuzzy logic system with the rulebase can be designed as w C i =b T i X (u i ) , where the fuzzy logic basis function vector is described as follows:
According to the rulebase (2), the model of dead-zone control input is designed as
where define the width of dead-zone estimation errorb i as follows:b
the bounded modeling mismatch term ι i contents
Assumption 4: For i ∈ M , there has an unknown positive constant µ, namely, b i ≤ µ.
Remark 3: According to [32] , [38] , the dead-zone control input model (4) is obtained. For dead-zone nonlinearity, we consider the nonsymmetric input dead-zone, so the value of left and right dead-zone width is different.
Lemma 3 [42] : For α, β ∈ R, if 0 < n = n 1 n 2 ≤ 1, n 1 and n 2 are odd integers, then
Lemma 4 [43] :
Lemma 5 [44] : For arbitrary two numbers ξ 1 > 0 and ξ 2 > 0, arbitrary real-valued function ψ(α, β) > 0,
This paper aims to design a dead-zone compensator and fast FTC protocol for system (1) in the presence of unknown dead-zone input, uncertainties and external disturbances, such that the fast FTC of system (1) can be achieved.
III. MAIN RESULTS

A. CONSENSUS ALGORITHMS DESIGN
Adaptive fast FTC and dead-zone compensator protocols will be designed for second-order MASs in this section. Firstly, virtual velocities will be designed. Secondly, the consensus protocol will be designed.
Step 1:
Consider the following function
The time derivative of V 1 iṡ
where v * i represents virtual velocity.
where k 1 > 0 and k 2 > 0 are constants to be designed, 0.5 < r < 1, we havė
Step 2: Define a new variable
Then according to Lemma 4, it yields
Combining (10) and (12), we havė
The following Lyapunov function is given as:
Conbining (13) and (14), the time derivative of V 2 iṡ
wherė
According to the RBFNNs, we consider the term
is an unknown function, we can use a RBFNN to approximate it on the compact set ϒ i as follows:
In fact, basis function vector
Then from Lemma 4, we obtain
where χ i > 0 is a constant and * i = π * i (1+r) / (2−r) is an unknown parameter.
Hence, the term
Consider the term
.
Consider the term − 1
ds. From the definition of η i and Lemma 2, there has
Since
where a = max i∈M j∈N i a ij ,b = max i,j∈M a ij . Then from (9), we have
where (23) and (24) and according to Lemma 4, one obtains
where
Combining (16), (20) , (21) , and (25), we havė
According to the aforementioned dead-zone control algorithms as follows:
Choose the fast finite-time consensus protocol as follows: VOLUME 8, 2020 where k 3 > 0 and k 4 > 0 are constants,ˆ i represents the estimation of * i , υ i represents virtual parameter to be designed,υ i represents the estimation of υ i , τ i is a positive constant.
Choose the adaptive fuzzy logic dead-zone compensator as follows:
whereb i is the estimation of b i . According to (4), (28) and (29), we have
Defining˜ i = * i −ˆ i as the estimation errors. Substituting (30) into (26), we havė
Now, consider the following Lyapunov function candidate to obtain the update laws ofˆ i ,υ i , andb i ,
Choose the following adaptive lawṡ
where p 0i > 0, p 1i > 0, p 2i > 0, i > 0 are positive constants. Then according to (31) and the time derivative
Substituting (33) into (34), it yieldṡ
The further derivation of V (ξ ), we obtaiṅ
From (6), we can known ι i ≤ 1. By employing Young's inequality, for arbitrary σ i > 0 and ∂ i > 0, it yields
According to (36) and (37),we havė
Further calculation yieldṡ
By using Young's inequality, for arbitrary τ i > 0, one gets
Let
According to (41) , we obtaiṅ
This completes the design procedure.
B. CONSENSUS ANALYSIS
Theorem 1: Consider the second-order nonlinear MAS (1), suppose that Assumptions 1-3 are contented, then the fast FTC in the sense of Definition 1 can be achieved by the proposed consensus protocols (30) and adaptive laws (33) .
Proof : According to the Lyapunov function V (ξ ) in (32) .
According to Lemma 2, we get L1 = 0. Thus h T h = 0, which means that h T = 0 T , then h T x = 0, so 1 T L 1 / 2 x = 0. From Lemma 2, one obtains
Next, from W i in (12) and Lemma 3, one gets
Combining (43) and (44), we can obtain
where ϑ 2 = max 1 (2λ 2 ), 1 (2 − r) . According to Lemma 4, we have
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Let ϑ 3 = min {ϑ 1 , k 3 } and ϑ 4 = min {k 2 , k 4 }, and combining (42), (45) and (46), we can obtaiṅ
where q contents q > 1/2. By selecting ς i , p 1i , q, α and β so that (α + β)ς i < p 1i (2q−1) 2q , from Lemma 5, we have 
Substituting (49) and (52) into (47), we can obtaiṅ
. Therefore, from the Lemma 1, fast FTC for second-order nonlinear MAS (1) can be achieved. V (1−r)/2 (t 0 ) + θ 0 (ϑ 4 /ϑ 2 ) /θ 0 (ϑ 4 /ϑ 2 ) , where θ 0 satisfies 0 < θ 0 < 1. From (53), if appropriate parameters p 0i , p 1i , p 2i , τ i , ς i ,χ i , ϑ 1 and α are selected, it can be found that theε can be any small. However, because the convergence rate is related to the parameter estimations and system state, so the parameters p 0i , p 1i , p 2i , τ i , ς i , χ i , ϑ 1 and α are not allowed to select too small.
Remark 5: In this paper, the parameter estimationŝ υ i (0) ≥ 0 andˆ i (0) ≥ 0 can be selected as any constant, b i (0) ≥ 0 can be selected as any constant vector, for i ∈ M .
Remark 6: From the protocol design procedure, it is not difficult to see that the proposed fast FTC control algorithm and dead-zone compensator can be easily extended to highorder multi-agent systems in integrator form. Besides, for multiple mechanical systems considered in [45] and [46] , the algorithm is also applicable to realize fast FTC.
IV. NUMERICAL EXAMPLE
In this section, according to the following numerical examples, it will be further illustrated the effectiveness of the proposed approach.
Example 1: According to second-order nonlinear MAS (1). A undirected interconnected topology is viewed, it can be seen as in FIGURE 2. The external disturbances are given by: Herein, through the above design procedure, the consensus protocols (30) and adaptive laws (33) are given by From FIGURE 2, we have m = 7, a = 2.7, b = 1 and λ 2 = 0.6722. Therefore, we can select the design parameters as follows: 
Through the above simulation, we can get the FIGURES 3-7.
In FIGURE 3 , the trajectories of x can eventually reach consensus. Meanwhile, in FIGURE 4, the trajectories of v can achieve a region of zero in finite time. The parameter estimationsˆ i andυ i are given in FIGURE 5 and FIGURE 6 , it is apparent thatˆ i andυ i can achieve a region of zero in finite time. Meanwhile, the dead-zone width parameter estimationsb i are shown in FIGURE 7, it is obvious thatb i can achieve a region of zero in finite time as well. Example 2: In the second example, the multiple coupled nonlinear forced pendulums with input dead-zone is considered. Suppose that there are four pendulums in the multiagent system, the following agent's dynamic is given as [47] :
Assume that interconnected topology is shown in FIGURE 8 , the fast FTC control scheme in Theorem 1 is used to Example 2. Hence, use consensus protocols (30) and adaptive laws (33) can guarantee the FTC for all agents. From see that the errors of x and v between arbitrary two agents can reach a region of zero in finite time. The parameter estimationsˆ i ,υ i andb i are shown in FIGURES 11-13, it is obvious thatˆ i ,υ i andb i can achieve a region of zero in finite time. Hence, from the above numerical example, it indicates that the effectiveness of the designed scheme is testified.
V. CONCLUSION
In this paper, the adaptive fast FTC for second-order nonlinear MASs with unknown nonsymmetric dead-zone, unknown dynamics and external disturbances has been presented. By adopting an adaptive fuzzy logic approach, the deadzone compensator has been developed to address the problem of unknown dead-zone. By employing RBFNNs theories, the unknown functions have been approximated. By adopting the fast finite-time control theory, a new adaptive fast FTC protocol has been developed. It has been proved that consensus could be reached in finite time. Finally, through obtained numerical results, the effectiveness of the proposed approach has been illustrated. Our future work will focus on the research of FTC for high-order MASs in strict feedback form or non-strict feedback form with fuzzy logic dead-zone compensator.
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